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Chimera is a rich and fascinating class of self-organized solutions developed in high dimensional
networks having non-local and symmetry breaking coupling features. Its accurate understanding
is expected to bring important insight in many phenomena observed in complex spatio-temporal
dynamics, from living systems, brain operation principles, and even turbulence in hydrodynamics.
In this article we report on a powerful and highly controllable experiment based on optoelectronic
delayed feedback applied to a wavelength tunable semiconductor laser, with which a wide variety
of Chimera patterns can be accurately investigated and interpreted. We uncover a cascade of
higher order Chimeras as a pattern transition from N to N − 1 clusters of chaoticity. Finally, we
follow visually, as the gain increases, how Chimera is gradually destroyed on the way to apparent
turbulence-like system behaviour.
PARADIGM FOR COMPLEXITY: SPACE-TIME
VS. TIME DELAY?
Complexity usually develops in high dimensional sys-
tems involving nonlinear interactions between system
variables. Straightforward paradigmatic experiments to
explore and to understand complexity, are generally
thought as spatio-temporal nonlinear dynamics with ob-
vious infinite number of degrees of freedom. Such sys-
tems provide solutions in high- or infinite dimensional
phase space, which degree of complexity depends on the
strength of nonlinear effects, as well as on the distribution
of coupling between the phase space coordinates (network
nodes). The equations of motion appear as a mathemat-
ical translation of the deterministic origin ruling the dy-
namics, e.g. Navier-Stokes equations in fluid dynamics,
Ginzburg-Landau equation from superconducting phase
transition, reaction-diffusion systems of biological rele-
vance, nonlinear Schro¨dinger equation in nonlinear op-
tics, and so on. These generic models come however with
difficult theoretical analysis as they are essentially non-
linear, and many unsolved hard problems still remain.
Understanding the rules governing complexity remains
a Human challenge, since this is our own natural envi-
ronment, from living systems to society. But do we nec-
essarily need complicated equations to understand diver-
sity in the Nature? For some motions like chaos, simple
equations have been identified, such as the 1D logistic
(quadratic) map or the 3D Lorenz system, from which
complex dynamical mechanisms, among which is chaos,
have been clearly identified and understood.
Beyond the inspiring achievements in nonlinear dy-
namics theory, one of the nowadays hot research topics
aimed at understanding complex motions and systems, is
related to deterministic organisation of networks of oscil-
lators in both finite- and infinite-dimensional situation.
Within this topic, a particular phenomenon discovered
in the early 2000, have attracted a strongly growing at-
tention, namely Chimera state. Such solutions have been
FIG. 1. Tunable semiconductor laser setup allowing for highly
controllable multiple head Chimera states.
defined as the emergence of “incongruent” patterns of co-
existing synchronous and incoherent behaviours, where
different groups of oscillators within the network are ex-
hibiting motions that are similar within a cluster, but
“incongruent” between clusters. Discovered in 2002 by
Kuramoto and Battogtokh [1], Chimeras states [2] have
been experimentally observed in 2012 only, on spatio-
temporal dynamics in the transverse plane of a light
beam [3], and independently in the volume of a chemical
reaction [4] and soon after, in mechanical experiments
with coupled metronomes [5, 6]. Recently, Chimera mo-
tions were revealed in an even simpler system, however
known for its infinite dimensional phase space, a nonlin-
ear electronic delayed self feedback oscillator [7]. Explor-
ing further this unexpected feature for the class of delay
dynamics, we have specially designed a laser-based setup
in which a complex organization of many multistable
Chimera states can be obtained and described in a de-
tailed way. Most importantly, thanks to the high control
accuracy of the optoelectronic setup, novel Chimera fea-
tures have been identified experimentally, and have been
found in excellent qualitative agreement with numerical
simulations, which will potentially open new fundamen-
tal as well as applied perspectives for Chimera states.
The article is organized as follows. We will first detail
the structural and mathematical requirements of a de-
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2lay dynamical system in order to obtain Chimera, which
requirements have closely guided the design of the ex-
periment based on a tunable laser diode. The laser setup
will then be presented in section II. Section III will re-
port on the discovery of Chimera order cascade in a 2D-
parameter space (spatio-temporal coupling parameters),
as well as on the transition to turbulent-like behaviour
when moving along a third parameter (feedback gain).
The conclusion will propose to extend implications of our
findings with delay systems onto other fields concerned
by complex nonlinear dynamics, such as photonic brain-
inspired computing and turbulent-laminar processes in
fluid mechanics.
I. DELAY DYNAMICS REQUIREMENTS FOR
CHIMERA
A delay differential equation (DDE) has the specificity
to be a purely temporal dynamics, however having an
infinite dimensional phase space [8–10] as for spatio-
temporal dynamics modeled by partial differential
equations. The common scalar form of such a DDE is
often given by an equation εx˙(s) = −x(s) + f [x(s − 1)],
where s is the time variable normalized to the delay, and
f represents a nonlinear transformation of the amplitude
variable x. Though being scalar and of a first order
only, the initial conditions required to uniquely define a
solution, take the form of a functional of time defined
over a time delay interval i.e. x0(s) s.t. s ∈ [−1; 0]. In
the case of a large physical delay, which implies ε  1,
the strong multiple time scale character allows for
high complexity phase space [11], and spatio-temporal
analogy have been proposed already more than 20 years
ago [12] to help understanding the underlying system
behaviour. The simple idea behind such space-time
analogy is to represent the dynamics as the evolution
with the discrete time n of the functional trajectory
{xn(σ) = x(s) | s = σ + nη, withσ ∈ [0; η] andn ∈ N}.
This results in a 1-Dimensional “spatial” distribution of
continuously coupled amplitudes, over a finite “virtual
space” interval ([0; η], with η = 1 + γ and γ = O(ε)).
The dynamics of this functional trajectory appear as a
discrete iteration from n to (n + 1) according to a time
step η close to unity (i.e. the delay). Space refers thus to
the fast time scale σ ∈ [0; η] (spatial “granularity” being
of the order of ε), whereas discrete time variable n refers
to the long time scale counting roughly the number of
time delays.
In delay systems, Chimera is thus expected to appear
as a rich multi-clustered pattern xn(s), self-sustained as
n is growing. However, in its simplest scalar form a DDE
does not allow for such (nearly) one-delay periodic pat-
terns as they are Lyapunov unstable at any ε > 0 [13],
all the space being rapidly filled by a unipolar amplitude
[14]. We recently showed [7] that introducing a slow inte-
gral term to the DDE allows for the stabilization of such
patterns, giving rise to robust Chimera:
ε
dx
ds
(s) + x(s) + δ
∫ s
s0
x(ξ) dξ = f [x(s− 1)]. (1)
Additional requirement for obtaining Chimera concerns
the function f , which associated map (xn+1 = f [xn]) has
to exhibit multi-stability through a positive feedback at
the zero unstable operating point, connecting two asym-
metric extrema (a broad minimum for x < 0 leading to
a stable equilibrium, and a sharp maximum for x > 0
leading to an unstable fixed point and chaos around it).
Rewriting the integro-differential delay equation into a
more common form, one obtains the following two cou-
pled first order delay equation:
εx′ = −δ y − x+ f [x(s− 1)],
y′ = x, (2)
where the additional slow variable y accounts for the
added integral term which weight is controlled by the
additional parameter δ > 0. This formulation allows to
get a qualitative but effective analysis of the dynamics in
terms of simplified slow-fast two-dimensional dynamics
[7, 15], it however does not remove the difficulty to inter-
pret detailed microscopic nature of the spatio-temporal
phenomenon. Another formulation of such dynamics,
more inspired by signal theory, involves a simple convo-
lution product with the so-called filter impulse response
h(s), x(s) =
∫
h(s− ξ)f [x(ξ − 1)] dξ. h(s) is originating
from the linear left hand side of Eq.(1), its Fourier trans-
form being simply the corresponding linear Fourier fre-
quency filtering function. The nonlinear delay dynamics
is thus revealed as a feedback loop oscillator as in Fig.1, in
which a linear filter provides the argument x for the non-
linear function f , which output is delayed and serves then
as the filter input. This “convolution product” allows for
a straightforward space-time analogy, since rewriting it in
order to reveal the discrete functional trajectory xn(σ),
one obtains (see Supplementary Material):
xn(σ) = xn−1(σ)+
∫ σ+γ
σ−1
h(σ+γ−ξ)·f [xn−1(ξ)] dξ, (3)
which shows the mapping dynamics from xn−1 to xn, via
a spatial nonlinear and non-local coupling between the
position σ and a ξ−shift around it, with ξ ∈ [σ−∆;σ+γ].
Equation (3) thus reveals f as the nonlinear coupling
function, h as the coupling weight, and the quantity
(∆ + γ) is an effective spatial range for the coupling,
which spread is practically determined by the width of
the impulse response h (see Supplementary Material).
II. LASER WAVELENGTH DELAY DYNAMICS
The photonic setup is depicted in Fig.1. It is designed
according to the above described requirements allowing
for the observation of Chimera in a delay dynamics. The
3physics and photonic concepts are inspired by a wave-
length chaos generator designed previously for optical
chaos communication, where chaos was obtained from an
Ikeda dynamics (given by DDE with a symmetric non-
linear function f [x] = β sin2(x+ Φ0) [16]). Two essential
modifications are allowing for Chimera: (i) a bandpass
filter instead of low pass one is providing the left hand
side in Eq.(1), and (ii) a Fabry-Pe´rot (FP) interferom-
eter instead of a birefringent one which is providing the
asymmetric nonlinear Airy function:
f [x] =
β
1 +m sin2(x+ Φ0)
. (4)
The oscillating principles of such an optoelectronic
tunable laser delay oscillator are as follow. A dual elec-
trode tunable distributed Bragg reflector (DBR) laser
diode emitting at 1.5 µm provides a laser beam, which
wavelength deviation (corresponding to variable x) is
proportional to a tuning electrode current iDBR (another
conventional active electrode receives the injection cur-
rent iact setting the emitted optical power). An offset
current iDBR0 is added to the tuning electrode for the cen-
tral laser wavelength, thus allowing for the setting of the
appropriate parameter Φ0 in Eq.(4) (needed for the pos-
itive feedback condition). Wavelength fluctuations are
then non linearly converted into intensity ones through
the FP, as x is scanning back and forth the Airy function
from the flat destructive interference condition up to the
sharp constructive one. A photodiode is used to convert
the optical intensity fluctuations into an electrical sig-
nal, which is then delayed in time by τD thanks to an
easily tunable electronic delay line. This electronic path
allows for an accurate control of the equation of motion
(1), through an appropriate bandpass filter having char-
acteristic times θ and τ defining the low and high cut-off
frequencies of the filter respectively. The signal is finally
amplified (setting the normalized gain β in Eq.(4)), be-
fore being fed back (iF) onto the laser DBR tuning elec-
trode. The electronic filter output iF is the monitored
time trace proportional to x(s), from which space-time
Chimera patterns {xn(σ) |σ ∈ [0; η], n ∈ N} can be ex-
tracted and analyzed depending on the system parame-
ters. The most important normalized parameters are the
small quantities ε = τ/τD and δ = τD/θ introduced in
Eq.(1). These two quantities are practically influencing
the actual shape and “spatial” spread of the impulse re-
sponse h, (γ + ∆) ' ε ln(εδ)−1, as discussed for Eq.(3)
for the analogy of a weighting function in a network of
non-locally coupled oscillators.
III. CASCADE OF MULTI-HEADED CHIMERA
As reported in [7], Chimera in DDE is revealed as the
spontaneous emergence of a particular functional pattern
xn(σ) showing sub-intervals over [0; η] each of which be-
ing characterized whether by a nearly constant negative
FIG. 2. (a) Observed numerical (colorized) and experimen-
tal (integer N) solutions in the parameter plane (ε, δ), with
β = 2.0 and Φ0 = −0.4. N = 0 or white region stands
for chaotic breather [17], and otherwise one has N−headed
chimeras. Crossing a dotted line (numerically determined)
from the up-left to the low-right means a unit decrement for
the maximal number N of observable chimera heads (any Nσ
heads with Nσ ≤ N being possible). Insets are example of
space-time plots for N = 1, 2, 3 (Chimeras) and 0 (chaotic
breather).
amplitude, or by a chaotic-like oscillations (see space-
time patterns in the in-box of Fig.2, and time traces in
Fig.3). An amazing peculiarity is that such rich and or-
ganized functional behaviour in σ can be self sustained as
n is iterated. When Nσ chaotic intervals of this kind exist
for σ ∈ [0; η], the Chimera is referred as to a Nσ−headed
Chimera state.
Through the experimental behavior observed from the
laser setup in Fig.1, as well as from the respective nu-
merical simulations of its established model in Eq.(2), the
(ε, δ)-parameter space is discovered to contain a specific
multistable bifurcation structure. This structure reveals
cascaded regions from the low-right to the up-left of the
(ε, δ)−plane, which are successively embedded one in the
other with increasing maximal integer N of any Nσ ≤ N
number of possible Chimera heads. As shown in Fig.2,
these regions are delimited by bifurcation curves charac-
terized by the transition from to N to (N − 1) as ε is
increased, and δ is decreased. These regions accumulate
with increasing N close to the ε = 0+-axis. On the oppo-
site side, the lowest value N = 0 finishes on the δ = 0+-
axis. This region does not lead any stable Chimera mo-
tion, but reveals so-called chaotic breather solutions [17],
a slow envelope alternating fast chaotic oscillations and
slow drifts, over time durations of the order of δ−1. Typ-
4ical Chimera patterns and chaotic breather dynamics are
shown in insets of Fig. 2. Numerics (full scan) and exper-
iments (for which a few points only are explored while de-
creasing τD to scan a hyperbola defined by εδ =constant)
reveal excellent qualitative agreement in the observation
of this unusual bifurcation structure. Quantitative dis-
crepancies between numerics and experiments are noticed
for the absolute position of the N−transition lines, prob-
ably related to the influence of noise as well as to uncer-
tain calibration of experimental parameters.
FIG. 3. Examples of emergence and stabilization of
Nσ−headed Chimera at point C in Fig.2 (Nσ = 7 and
1 for (a,b) and (c,d) respectively). Left panel: Numerics;
Right panel: Experiment. (a,c): asymptotic (biggest n) func-
tional trajectory xn(σ). (b,d) spatio-temporal pattern birth
of Nσ−headed Chimera. (b): 7-periodic small initial forc-
ing; (d): same as (b) but with 8-periodic small initial forcing;
Nσ = 8 is not stable, thus leading to a single-headed asymp-
totic chimera state.
Figure 3 illustrates how a maximum number Nσ is ex-
perienced, both in numerics and experiments: for a fixed
parameter setting (ε, δ) (point C in Fig.2) corresponding
to N = 7, one observes that an initial condition imposed
as a small sine modulation with 7 periods within η, in-
deed leads to the birth of a 7-headed Chimera. Trying a
small sine modulation with 8 periods results in sponta-
neous switch to the birth of a lower number of heads, e.g.
Nσ = 1 in the presented case (but any other Nσ ≤ N = 7
can be observed in principle, even chaotic breather, de-
pending on initial conditions).
Looking more carefully at the numerical bifurcation lines
in Fig.2, one notices their threshold-like shape, with a
nearly horizontal proportional part close to the origin,
and then an almost vertical part after some threshold.
We anticipate that this peculiar double shape of the bi-
furcation curves is related to different bifurcation sce-
narios for the destabilization of the N−headed Chimera
states. Typical N to (N − 1) bifurcation events occur-
ring while crossing such curves, are illustrated in Fig.4,
with captured space-time snapshots for 2-to-1 and 6-to-5
heads transitions. Again, excellent qualitative agreement
is found between experiments and numerics. More de-
tailed analysis of this novel phenomenon is left to a later
report.
FIG. 4. Typical bifurcation events as N−headed Chimera
becomes unstable, being replaced by (N − 1) heads. (a): 2-
to-1 transition (point B in Fig.2). (b): 6-to-5 transition (point
A in Fig.2).
Figure 2(a) reveals that model (1) is highly multi-
stable for small and intermediate ε. This suggests to ex-
plore the basins of attraction of the different co-existing
attractors. Since time-delayed systems are infinite di-
mensional through their initial conditions being func-
tional {x0(s)| s ∈ [0, 1]}, a precise topological charac-
terization of the basins structure is not directly possi-
ble. One can however try to estimate the relative size
(measure) of the basins in terms of occurrence probabil-
ity for each possible solution, after re-setting many dif-
ferent random initial conditions. This is illustrated in
Fig.5, which shows the evolution vs. ε of the probability
occurrence for Nσ−headed Chimera for 3 fixed δ−values,
with Nσ = 0 to 5 (0 corresponding to chaotic breather).
Each probability has been calculated with 300 different
initial noisy conditions x0(s) (uniform amplitude distri-
bution of x ∈ [−1; 1]).
In Fig.5(a) (δ = 0.02), for small ε the most proba-
ble solutions are high order multi-headed Chimera, a
small fraction only of initial conditions leading to one-
or two-headed Chimeras. As ε is increased, Nσ = 1
and Nσ = 2 basins are revealing higher and higher oc-
cupation of phase space. For an intermediate range of
ε, one notices that two-headed Chimera basins reaches
a maximum, prevailing on the other possible Nσ with
approximately 60% of probability of occurrence around
ε = 0.005. For larger values of ε, one-headed Chimera
basin appears to occupy almost the full explored phase
space. In Fig. 5(b) and (c) corresponding to smaller
5δ−values, qualitatively similar features are observed, ex-
cept that higher-order Chimeras are less and less prob-
able (they would require smaller ε), and lower Nσ or-
ders predominate together with a growing influence of
the chaotic breather (black) as it is visible already in
Fig.2(a) from the positions of the bifurcation curves.
Based on these numerical simulations, we summarize that
multi-headed Chimeras represent an essential part of the
solutions exhibited by Eq.(2), higher order Chimeras re-
quiring small ε to predominate.
FIG. 5. Probability of occurrence under random initial con-
ditions, for Chimeras with different number of heads , and for
three different values of δ (horizontal cut in Fig.2).
The bifurcation diagram (Fig. 2) is obtained for a
fixed normalized gain β = 2.0, providing Chimera states
as alternated chaotic and quite amplitudes. Increasing β
progressively destroys the previously sustained Chimera
patterns as n is iterated. Greater β−values indeed gives
rise to a spatio-temporal turbulent-like intermittent be-
haviour, including both chaotic and quite amplitudes in
an irregular non-sustained fashion. This situation is illus-
trated in Fig.6 with space-time plots for 2 higher values
of β. This transition to turbulence is again nicely con-
sistent between numerics and experiments. On the con-
trary, smaller values of β transforms progressively the
chaotic heads into more regular (periodic) or even quite
plateaus, which situation could have been recently ana-
lytically explored [15, 18].
FIG. 6. Progressive route to turbulence as β (Φ0 = −0.4,
at point A in the (ε, δ)−plane of Fig.2) is increased, revealing
more and more irregularly vanishing and appearing number
of Chimera heads Nσ as time n is running. (a): β = 2.4. (b):
β = 4.0.
IV. CONCLUSIONS
Delay equations have always raised difficult and com-
plex issues, e.g. motivated whether by technological con-
texts such as remote satellite control at the beginning of
space exploration, or by the understanding of complex
motion observed in blood cell production disorders [8],
or even through the quest for optical chaos [9]. Beyond
theoretical interests, they even led to surprising exper-
imental research success, e.g. high spectral purity mi-
crowave optoelectronic oscillator for improved Radar per-
formances [19], or demonstration of optical chaos com-
munications for physical layer encryption in fiber net-
works [20–22], or even more recently with the demon-
stration of novel brain-inspired computing concepts[23]
in photonic[24]. In the present letter we have reported
on a yet unexplored potential of delay systems in terms of
their self-organization capability through a virtual space-
time analogy of delay equations, allowing for the interpre-
tation of these complex self-organized motions in terms
of Chimera states. The reported excellent agreement be-
tween numerical simulations of a generic model, and the
observed phenomena in a laser-based experiment, sug-
gests the robustness and the intrinsic character of the
underlying dynamical concepts. We anticipate that such
delay systems and their related dynamical phenomena
will represent a simple but efficient theoretical tools for
investigation of complex self-organized motions, as they
are naturally developed in living systems, pattern forma-
tion, fluid dynamics phenomena, as well as behavior in
social and technological networks.
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6METHODS
Experiments: The acquired signal is corresponding in
the setup of Fig. 1, to the output of the bandpass filter
limiting the dynamics in the feedback loop. This sig-
nal corresponds mathematically to the normalized vari-
able x(t) in Eqs. (1)-(3), and it is physically propor-
tional to the laser wavelength deviation. As described in
the setup section, an offset current applied to the DBR
tuning electrode of the laser allowed to adjust the nor-
malized parameter Φ0, thus allowing the selection of the
delayed dynamics operation along a positive slope of the
Fabry-Pe´rot Airy function. Chimera pattern can then be
obtained by increasing gradually from zero the feedback
loop gain of the dynamics, which gain is electronically
and linearly adjustable via a DC voltage applied to an
analogue electronic multiplier.
A large memory depth (up to 32 million points) digi-
tal Lecroy oscilloscope is used for real-time acquisition
of long time traces covering up to 10000 time delays.
This oscilloscope also provides specific time trace pro-
cessing capability through short Matlab routines, thus
enabling the real-time visualization of the space-time pat-
terns shown in Figs. 2, 3, 4 and 6. The main difficulty
for this custom real time Chimera pattern observation,
was to design the adequate algorithm capable for the ac-
curate (10−5 required precision) and fast extraction of
the spatial width η = 1 + γ, for which only the Chimera
can be clearly observed as a vertical pattern over thou-
sands of time delay duration. This pattern is whether
strongly tilted in the space-time plane at 10−4 precision,
or even completely invisible for worth precision. The al-
gorithm aims at detecting the most frequent time differ-
ence between two plateau-to-chaos sharp transitions in
the waveform. Chimera pattern evolution were then an-
alyzed while scanning the (ε, δ)−plane, which scanning
is performed along hyperbola corresponding to constant
characteristic times of the bandpass filter τ and θ (hy-
perbola equation defined as εδ = τ/θ =constant). The
hyperbola scan is obtained through the easy electronic
tuning of the time delay τD via the increase of a TTL
clock frequency fCLK. This clock indeed controls the
speed at which the digitized signal is traveling through
the FIFO memory depth used in our digital delay line,
the time delay reads then: τD = N0/fCLK (where N0 is
a constant integer related to the memory depth of 4096,
and to the small number of sampling periods required by
the Analog-to-Digital conversion used in the delay line).
Increasing fCLK remains to scan the hyperbola from the
top left to the down right, i.e. for decreasing maximum
number of Chimera heads (the highest possible number
being forced by adequate initial conditions, on the top
left of the hyperbola). Different hyperbola were scanned
through the choice of different θ (i.e. different high pass
cut-off frequencies). The observed Chimera pattern in
the graphical Matlab window of the oscilloscope allowed
for the easy detection of the number of heads Nσ, or of
the chaotic breather solution (0-head), which number can
then reported in Fig. 2.
Numerics: Fourth order Runge-Kutta integration
scheme is used for all the numerical experiments to cal-
culate x(t), with a fixed time step h = ε/10. The space-
time plots are obtained as in the experiment, through
the determination of the duration η revealing “in aver-
age” vertical patterns, stacking vertically the n0 succes-
sive waveforms {x(t) = xn(σ) | t = (nη + σ)τD) withσ ∈
[0, η], n = 1, 2, . . . , n0}.
The procedure for calculating the bifurcation diagram
(Fig. 2) is the following. Bifurcation events are detected
for several vertical lines in the (ε, δ)−plane (constant ε).
For progressively decreasing δ, the sustained maximum
N−headed Chimera is tested through the calculation of
the dynamics over 105 time delay durations, the solution
being initially forced (imposing x(t) for t ∈ [−τD; 0]) with
a N−periods sinusoid. Each δ−value at which N can not
be sustained whereas N − 1 can, is used to obtain one
point of the N to N − 1 bifurcation curve.
Each chimera basin diagram (Fig. 5) is calculated for
18 values of ε. The initial interval of [−η; 0] is inter-
polated from random initial conditions uniformly dis-
tributed within range [−1; 1]. For each ε, 300 numerical
experiments is conducted, thus allowing to establish a
histogram for the 300 different asymptotic chimera pat-
terns calculated after 105 time delay evolution.
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